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1 Introduction

The goal of the exposition is to provide an almost completely self-contained proof of the
construction of one-sided high dimensional expander as in [ ]. The paper uses many
results from various sources as black-boxes and the aim is to reduce most of those depen-
dencies. The paper also discusses the symmetries of the constructed complex but we will
not discuss that as it has no bearing on the construction but is rather a useful property
of it. The required representation theory is not much and will be introduced, however, a
couple of results will be assumed.

2 Basic Definitions

Before we get into what a high dimensional expander (HDX) is, we need a few preliminary
definitions. The natural generalisation of graphs is hypergraphs and a simplicial complex
is a hypergraph with more structure which basically let’s us “traverse” it more easily.

1. (Abstract) Simplicial Complex - Given a base set S, a simplicial complex X < 25
is a collection of subsets which are downward closed, i.e. VAe X,Bc A = Be X.
The elements of X are called simplices and we denote by X (i) the set of simplices
of size i + 1. X(0) are called the vertices and X (1), the edges. We also have a
X(—1) = {¢}. The largest n such that X (n) is non-empty is called its dimension.

2. Pure - An n—dimensional simplicial complex X is pure if VA€ X, 3B e X(n),Ac B

3. Link - For a simplex 7, it’s link X; = {oc | o n7 = ¢, 0 U7 € X}. This basically
amounts to looking at the simplex 7, and looking at the complex above it, i.e. by
removing everything below it (including it). X is a simplicial complex on S\7 because
if 01,09 € S\, 01 € 09, 02 € X, then, by definition, o1 n 7 = ¢. Clearly, oy U T C
oouTbut oo e X = oqguTeX = o3 uUTe X (as X is a simplicial complex)
and now by the definition of X,, o1 € X,. If the dimension of the complex is n and
7€ X(i), and dim(X;) =n—i— 1.

4. Connected - The I-skeleton of X is the graph G = (X (0), X(1)). X is connected if
this 1-skeleton is. The 1-skeleton is important as we will define the spectral properties
of the complex in terms of these graphs.

5. Strongly Gallery Connected' - X is strongly gallery connected if X is connected
and all its links are connected.

!This is not the actual definition but we as well might take it as it is equivalent and the original definition
is of no use here
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3 HDX - Overview

3.1 Concrete Definitions

Definition 1. For each k < n —2, 7 € X(k), define pu, to be the second largest eigenvalue
of the weighted 1-skeleton:

{u,v} € X-(1), w(u,v) =(n—k—=2)|{oc e X;(n—1—k) | {u,v} c o}
Note that for the 1-D link i.e. k = n — 2, this is precisely the unweighted graph.

There are other definitions of HDX which include a distribution D which defines the weights
on the top layer(i.e X (n)) and induces it downwards uniformly. These set of weights corre-
spond to the uniform distribution on the top layer.

Definition 2. For 0 < A < 1, a pure n-dimensional finite simplicial complex X is a one-
sided \-local-spectral expander if for every —1 <k <n—2, and V7 € X (k), pur < A

This means that the 1-skeleton of every link is an expander. This requires them to be
connected in the first place and that is why the strongly gallery connected property is
needed. Moreover, purity is implicitly used in defining the weights as the sets in X (i) get
weights induced from X (7—1) but that doesn’t work if for some set there is no set containing
it. The purity property prevents such a thing from happening.

3.2 The problem to solve

The goal is, given 0 < A < 1 and n > 1, to construct a family of pure n-dimensional finite
simplicial complexes {X(®) | s € A} where A N is an infinite set such that the following
holds -

e Expansion - For every s € A, X is a one-sided A-local-spectral expander.

e Bounded Degree - Every vertex is contained in a bounded number of n-dimensional
simplices, i.e., 3Q,Vs € A,v e X®)(0), [{c e XO)(n) |ves}| <Q

e Unbounded vertices - lim, o | X ) (0)] = 0

3.3 Overview of the plan
This is how the entire flow of the rest of the paper is going to be.

1. Give a general mechanism to construct a complex X using a group G and set of it’s
subgroups Kj;.
(a) Define a set of axioms that we want (G, K;) to obey.
(b) Show that these axioms imply that X is pure and strongly gallery connected.

2. Define the group of elementary matrices and its subgroups we need, and prove that
they satisfy the above mentioned axioms.
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3. To prove that it is HDX, we start with the expansion property which is the crux. Here
we use the result from | | which states that if the 1-D links expand then all links
expand.

4. To show expansion of 1-D links, we define another property called orthogonality

(a) Prove that orthogonality implies expansion.

(b) Finally, we prove that the 1-D links are orthogonal.

5. We would also need to show the other 2 requirements i.e. bounded degree and un-
bounded vertices and that would be easy to do.

4 Subgroup Geometry Systems

4.1 Coset Complex

Given a group G and a collection of subgroups (K;);er, we want to construct a simplicial
complex X. Define the cosets of K; as the set formal elements {¢gK; | g € G} but in which
we identify equal sets i.e. gK; = hK; if they are equal as sets, this is equivalent to saying
that h~'g € K;. Define a complex X over the base set {gK; | g € G, i € I} in which all the
cosets are the vertices and (goKo,---,91K;) € X(I) «— Vi,j <, g;K; n g;K; # ¢. Note
that this implies that no 2 subgroups can be same because if K; = K then ¢;K; ng; K; # ¢
— ¢;K; = g;K;. This X so formed is denoted as X (G, (K;)icr). We now need the set of
axioms that will ensure that this complex is “nice”.

4.2 SGS axioms

Let 7 < I and define K, = nje,; K;. Also define Ky = G. (G, (K;)ier) is called a subgroup
geometry system (SGS) if it obeys the following 3 axioms

1. Vr,oc I, K:ny = {K;, K,y where () denotes the subgroup generated by the union
2. V1 c I, ’L¢ T, KTKZ = ijTKjKi

3. ViEI, K] #KI\{Z}

The axioms 1 and 3 weed out boundary cases like K; # G, {e} because say K; = G, then
K = Kpg nG = Kp ;) which violates axiom 3. Similarly, if K; = K or if K; = {e}, then
by axiom 1 G = Ky = K(;~(j; =< K;, Kj >= K; but that we have seen is not allowed.
The main axiom is then the second one. One direction is trivial i.e. K, K; € nje K;K;
because if xy € K K;, v € K;,y € K; then x € K;Vj € 7 and thus zy € K, K;. But the
other is not and it essentially is like a local-global (or a glueing) property which says that if
we have elements in the local pairwise product we have one in the overall intersection which
is in the product. The proofs below will highlight the use of this property.

Note - As an abuse of notation, when X = X (G, (K;)ier) and (G, (K;)er) is an SGS, we
will simply write that the complex X is an SGS.
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4.3 Properties that SGS implies

As mentioned earlier, a necessary property that we need to build an expander is purity and
strongly gallery connectedness. We shall now prove that if X is an SGS, these properties
are ensured. We’ll prove a couple more which we’ll need later.

4.3.1 Uniformity

This is the most important property and we shall see implies most of the other ones. It
crucially uses Axiom 2.

Lemma 1. Vi < n, Vo = (glKip' v 7glKiz) € X(l>7ag¢ 0= (gKiw T 7gKil)

Proof. We prove this by induction on .

Base Case - [ = 1, Trivial

Inductive Step - Assume true for /.

(glKi17 T aglKilvgl+1Kiz+1) = (gKila o )gKilv.gl-i-lKilJrl) NOWa as o € X(l)a by definition
each pair must intersect. Thus, Vi € [l], Jk; € K;,m; € Kj41 gki = gi-1m; and thus,
g_lng € K;Kj41. By axiom 2, dh € Kq..; ,m € K1, hm = g_lgl+1 = gh =
gie1m~ L. Define g* = gh. Clearly Vi < I, ¢*K; = ghK; = gK; as h € K; and g*K; | =
gream 'Ky = g1 K1 as me Kpyq. O

4.3.2 Transitivity of top layer

Trivial from above, to map ¢ — 7, uniformize both o, 7. Then multiply by gh~! where g, h
are the uniform elements of o, 7 respectively.

4.3.3 Purity

Let 0 € X (k). By uniformity o = g(K1,---, K;). Now, Vg, g(Ko, -, K,) € X(n) as each
of the mutual intersection contains g. Thus, we have purity.

4.3.4 Links are Coset Complexes

Xr = X(Kr, (K(1Ui))ien ) We only need it for 1 — D links and we will thus show it when
7 € X(n — 2) but the proof is exactly the same without this assumption.

Proof. The 1-D links are basically graphs and we need to construct a graph isomorphism.
That is a bijective mapping between vertices such that edge relations are preserved. WLOG,
assume 7 = {2,--- ,n}. X(Kr, (K(T Ui))iens) = (K2.n, (Ko2n, K12..))). We have an
easy inclusion in one direction, ¢’ Kgo..., = (Ko, - K,,9'Ky) = (¢'Ka, - 'Ky, ¢’ Ko) This
is valid as, ¢/ = ¢’ -e € ¢'Kg but ¢’ € K;,Vi € {2,---n}. We need that this is surjective. Let
o= (Ky, Ky, gKp). If g € Ks...,, we would be done as it would be the image of gKoz...,.
If not, since its is a simplex we have pairwise intersections. Thus, Vi € {2---n}, Jk; €
Kl € Ko, ki = gli = g = kil;' € K;K,. From axiom 2 g € Ky..,Ko = ¢l where
g € Ko..py L € K. Then, 0 = ((Ka,--- K,,¢ Kp) and we have a preimage ¢’ Ko2...n,-
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To see that edge relations are preserved, in the coset complex, (¢Ko2...n, hK12..,) have an
edge iff hilg € Ki9..nKpo....

Let’s look at their images. They share an edge only if (Ko, -+ K,,gKoy, hK;j) € X, <
h=lg € K1Ky as we already know that the other intersections are non-empty (each is a
simplex). But g,h € Ka...,. Thus, h"lge K1Ky <= h 'ge Ki2.,Ko2...n.

O

4.3.5 Strongly gallery connected

It suffices to show that X is connected because if X (G, (K;)ier) is an SGS, we have seen
that X, >~ X (K7, (Krui)igr) which is also an SGS. Thus from the above claim we can de-
duce that X, is connected too. From the lemma we proved in the last section, we will have
that X is strongly gallery connected

Lemma 2. If X is an SGS then X is strongly gallery connected

Proof. Each K; creates a partition of G which are represented by {¢K; | g € G}. The 1-
skeleton of X is an |I|—partite graph and we know that Vg,1, j (¢K;, gK;) € X (1) thus if we
show that (9K, hK;) is connected then for any (¢K;, hK;) we have a path from (gK;hK;)
and an edge between (hK;, hKj;). Assume for a contradiction that for some i the we have
2 disconnected components A = gK; = {¢1 K, - ¢ K;} and B = hK; = {h K;,- - h, K;}.
Now these basically define a partition of G into 2. One easy consequence of the axiom 3, i.e,
K; # Kj is that the partitions created are not same. That is for the same sets gK; # gK;.
Therefore one of the cosets [ K; will intersect both A and B and there are thus at least 1
edge each from (K to some coset in A, B. Therefore, the are not disconnected. ]

Now we’ll define the specific complex which we will eventually prove is the HDX we seek.

5 Elementary Matrices Complex

Given a unital ring R, we consider 2 objects over it using a generating set {t1,---¢;}. One,
is another ring i.e. a finitely generated R—algebra R and the other is a free R—module T’
generated with {1,%,--- ,#} as a basis.

We can think of R as T equipped with a multiplication which is associative and distributive
over addition, this gives us a tensor product algebra kind of an interpretation. Another
way is to view it as a ring of polynomials in ¢;s modulo some relation. If there are no
relations, then it is the free nonunital algebra which is also called the ring of words (with
no empty string). If we add a unit 1 to the list of generators and impose the relations
that 1t; = t;1 = t; © € [, we get the free unital algebra also called the non-commutative
polynomial ring R = R < t1,---¢; > = Y. T®. Note that, 7®" is the R—module of
all (non-commuting) polynomials of degree < i. Further imposing t;t; = t;t; gives us the
familiar ring of commutative polynomials. Similarly, we can create algebra of bounded
degree polynomials and so on.
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The paper concerns only with unital R (though it doesn’t explicitly say this) and we can
thus think of them as the non-commutative polynomials.

5.1 The Coset Complex
The main group is the (multiplicative) group of elementary matrices,
EL,t1(R) =<e(r)|0<i,j<n,reR>

where e;;(r) is the matrix with 1’s on the diagonal, 7 on the i, j** entry and 0 elsewhere.
Clearly, the determinant of this is 1 and thus EL,11(R) € SL,+1(R). If R is a Euclidean
ring like say, Z, then both are equal.? Define the subgroups,

Ki =<e¢jji1(m) [ j€{0, - -nj\imeT >

Note that the subscripts are taken modulo n i.e e,11 = €ng

5.1.1 Steinberg Group

We can instead look at E'L, more abstractly as the Steinberg group generated by z;;(R)
which satisfy the Steinberg relations,

Tjy >, (M1)Tj, 4, (M2) = T4, (M1 + m2) (1)
[xjh]é (ml) Tjajs (m2)] = Ljij3 (m1m2) J1 # J3 (2)
[le,jz(ml x]314(m2)] =1 j1# ja,J2 # J3 (3)

Note that in the equations 2,3 we have the commutator bracket, [g,h] := g~ th~1gh. We
have a natural map then St,(R) — EL,(R) : zi;(r) — e;5(r).

6 Elementary Matrices are an SGS

Before we show that they are a SGS, we need a few lemmas characterising the subgroups to
make it easier to work with them. We will write 7% to denote T® which is all polynomials
of degree at most i. Denote by [k, j) the interval from k to j — 1, i.e

k. ) = (kk+1,-,j—1} k<
" {k7k+17"'7n70717"'7j_1} k?]

Lemma 3. K; is the group composed of matrices A = (ay;) such that

k=
aj € Tjik k7é.771¢[kvj)
{0} otherwise

2 If they are equal for a ring R, R is called general Euclidean. The exact requirements for this to hold
are not clear and this has deep connections to K-theory.
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Proof. We will prove it only for ¢ = n. Notice that K, is the group of upper triangular
matrices. Observe that, [k,j) U [j,k) = {0,--- ,n}. Thus at most one of aj; can be 0 if the
above lemma is true.

Using Steinberg relation (2) we can create by induction, for every j > k, e; (M) M € Tk=i
where M are monomials. To add them up, we use the relation (1) and thus get each entry
as as polynomials thereby covering all of 797*. Now to compose all these entries in a single
matrix we use relation (3). For example, (blanks denote 0)

Lets now prove the 3 axioms required for it to be an SGS.

Theorem 4. (EL,1+1(R), (K;)ier) is an SGS

Proof. Axiom 1 - K;~, =< K;, K, >. Let S; generate K; Then, K, is generated by
NierS;. The equivalence thus follows trivially for 7 # ¢. In that case we need to show that
EL,+1(R) =< eijit1(m) |i € [n],m € T >. To see this , note that the generators clearly
generate a subset EL,1(R) with (k, )" entry of degree < (j —k) mod n+ 1. To increase
degree we can use relation 2 and thus [eg2(m), e21(m)] = eg1(m?)

Axiom 2 We want to show that K, K; = mne, K; K]

Define the projection morphism 7 : ELy11(R) — K; which maps the common generators to

.. .. e K
itself and the other ones to identity. To make it precise 74 (e;;(r)) = { e”[(r) e”t}(:) - }
otherwise
This restricts to a map for any o 7, : Ky = Kyny.

Lemma 5. 74 : EL,11(R) — K is a homomorphism

Proof. To prove it the only thing we need to check is that the relations are preserved.

Relation 1 - ¢, j,(m1)ej,jo(m2) = ejyj, (m1 +m2)
Is trivially preserved as if e;;(\) either remains same or maps to identity. In case one the
equation is unaffected in the other case everything becomes identity.

Relation 2 - [ejl,jz (ml)’ €jajs3 (mZ)] = Tjijs (mlm2) J1# 73

If both ej,,, €j,,j; are in K; then the equation is unchanged. If even one is not in K; then
using the characterisation of Kj, l € [j;, j2) U 42, j3) = [Jj1,J3) and thus e;, j, ¢ K;. Thus we
have identity on both sides.

Relation 3 - [ej, j,(m1), €j55,(m2)] = I j1 # ja, j2 # J3
Doing the same analysis it’s unchanged if both are in Kj if one isn’t then the LHS becomes
identity as [g,I] = I

O]
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Clearly even the restrictions are homomorphisms and denote their kernel as K. Then
Vg € Ky, gK; = gn(9) 'K as n(g9)~! € K; but n(gn(g)~!) = I and thus, gn(g9)~! € K.
Therefore we can assume that the coset representatives come from K. Let us look at the
RHS and say x € nje. K;K;. We have x = g;k; = g;k;j g; € K; i € 7 k;, kj € K;. This implies
gj_lgi € K; but ﬂd,(g;lgi) = kjki_l but by assumption the should map to I and thus k; = k;
and therefore g; = g;. Continuing this for all, we have that all are equal and lie in K; and
thus z € K, K. 3

Axiom 3 - This follows trivially from the description of subgroups by the generators. [

7 Structure of the 1-D links (Heisenberg Groups)

We proved earlier that links are the same as coset complexes generated from K, instead of
G. In the case of the above complex, the 1-D links are of two kinds depending on which
2 subgroups we choose to ’omit’. First is of the type H := Kj 3., = (K123...n, K013...n) =
{eg1(m), e23(m)). The third Steinberg relation says that egi(m) and ez3(m) commute and
thus the subgroup generated by them commute. The following lemma then gives that the
spectrum here in uninteresting, i.e. second largest eigenvalue is 0.

Lemma 6. If G = (Ko, K1) and Ky, K1 commute, then the complex X (G, (Ko, K1)) is a
complete bipartite graph and therefore, its spectrum is {—1,0,1}.

Proof. Since G is generated by Ky, K each element g = [ [ g;, but since Ky, K1 commute
we can rearrange such that g = gog1, ¢; € K;. From the definition we have that it is a
bipartite graph with vertices of type g1 Ko and ggK7 where g; € K;. There is an edge if
g1 Ko n goKy # ¢. Clearly, gi1go € g1 Ko but due to commutativity gigo = gog1 € goK1 and
thus the bipartite graph is complete. O

The important case is when H := Kbs..., = {eg1(m), e12(m)) which concretely are 3 x 3 upper
triangular matrices of the form,

1 T 71?2 I m 1
1 T |, generated by z = 1 Y = 1 m|,
1 1 1

H is referred to as the "Heisenberg Group’ because of its connections to physics. Throughout
the rest of the presentation we will denote X = Kjs..., = {(x) and Y =q2..,= {y). Define
the subgroup Z = {[z,y]). and it’s easy to see that [X,Z]| = [V, Z] = I, i.e. Z commutes
with every group element. We will now proceed to look at the bounds of the second largest
eigenvalue of the graph which is the complex X (H, (X,Y))

3Note - The paper doesn’t use this language but rather does it for | = n and maps matrices to their
upper triangular half. While I think this approach is the same, it works more generally and the proof is easy
to see.
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8 Orthogonal — Expansion

In this section we will define a notion of orthogonality of subgroups and show that the coset
complex of the Heisenberg group expands iff the groups are close to orthogonal.

8.1 Orthogonality for Vector Subspaces

Given a vector space V equipped with an inner product, and a pair of subspaces U, W < V,
define U' =U n (Un W)L, W =W n (U n W)t

@Y | e U vy e W
[z l[y

(U, W) = sup

U, W are called e—orthogonal if (U, W) < e. This can also be related to the operator norm
of the projection matrices. Say we have orthogonal projections Py, Py, Py~w, then

(U, W) <e « ||PuPyw — Pu~w| <e

We'll take the projection norm to be the definition of orthogonality. **Should I write a
proof for this? **

8.2 A quick dive into Representation Theory

Since we have groups and not vector spaces we need some machinery to make a conversion.
This is precisely what representation theory does, it linearizes groups.

Definition 3. For a group G, a G—representation is a tuple (V, p) where V' is a vector space
and p : G — GL(V) is a group homomorphism. More concretely, if V is n-dimensional,
the map p assigns to each group element g, an n x n invertible matriz p(g) such that
p(gh) = p(g)p(h) and p(e) = I,,. A representation is unitary if every p(g) is unitary.

The space of invariant vectors of a subgroup H < G is defined as VPH ={v|plglv=vVge
H}. This is clearly a vector space and for the case we're interested in, i.e the Heisenberg
group, we have 2 subspaces VpX , VPY and since G = (X,Y), VPG = VPX ) pr. The subgroups
X,Y are said to be e—orthogonal if for every unitary representation p, H(VPX ) VPY) < e
Now, we define the projection maps to the respective spaces. These are easy to define if G
is finite and are basically the averaging map,

Pyx(v) = ;Q;:( p(g)v

To see that they project is easy ,o(h)PVpx (v) = WHdeX p(h)p(g)v = ﬁdeX p(gh)v =
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e Dgexn PGV = Pyx (v) The only part to verify is that these are orthogonal.

Py (u),o) |X|Z<p g)u,0)

geX

|X] 2<u p(g~v) As p is unitary
geX

Z (u, p(g~1)v) Just changing order of summation
g~ leX

= (u, Pyx (v)

8.3 V¢ and why bounding it suffices

It might seem that the e-orthogonality definition is unwieldy as it is quantified over every
unitary representation. However, akin to the prime numbers and integers, there are small
representations which are the building blocks of all representations.

Definition 4 (Irreducible representation). Given a group G, a representation V,p is said
to be irreducible if for every proper subspace 0 # W # V,3ge G,we W, p(g)w ¢ W. This
essentially means that there is no smaller representation W sitting inside V.

Theorem 7 (Maschke). Given a finite group G, there exists a finite set of irreducible
representations V; such that every representation V =~ (—BiVi“i, a; € Lo

Thus, to prove e-orthogonality we just need to check a finite list of irreducibles because
every other representation breaks down in this way as and by Cauchy-Schwartz, bounding
each of the direct sum suffices. But in fact, we can just check one.

Let G be a finite group and define a vector space of all formal sums of group elements
i.e. Viey = C[G] = CICl. Define a basis {v, | g € G}. The homomorphism is given by
p(g9)(vp) = vpg i.eit’s a permutation matrix. This is called the (right) regular representation.
We use another theorem which says that this is that,

dlm(Vi)

Theorem 8 (Peter-Weyl). Vg = @;V] where the summation s over all irreducible

representations of G

Putting it all together,

Theorem 9. XY are e-orthogonal iff ||PVpxPpr — PVPGH <e

8.4 Equivalence between orthogonality and eigenvalue
8.4.1 Rephrasing A\

The main goal is to bound the second-largest eigenvalue of a biregular bipartite graph. Say
V = Vy u V] is a birpartite graph with V; being the 2 components such that each vertex
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in V; has degree d;. We need the seconlargest eigenvalue of its weighted adjacency matrix,
ie., My, = d% if u € V;, (u,v) € E. This matrix can be thought of as a linear map from
the (formal)vector space of vertices to itself. Since it is bipartite it can be decomposed as
a map between the 2 subspaces corresponding to the 2 components.

Let’s now formalize everything. Define the formal vector space S = CIV| = {3 _\, ave, |a, €
C} * We need second largest eigenvalue of the map defined by the matrix M : S — S.

To make it the largest eigenvalue we remove the 2 extreme eigenvectors (11V! and (1171, —1/"11))
which we know have eigenvalues of (1, —1). Define the subspace

S’:{Zavev\ 26”226”:0}

veV veVp veVq

Note that §' =~ CIVI=2 ~ clVol-1 g cVil-1 = S, @ S1. The map M restricts to a map
M’ : 5" — S" and moreover, it switches the components, i.e. let M’'(S]) c S; ; because
0 M
M' = Y| after reordering the basis.
My O

1

To be more concrete, for u € V;, M;e, = y
T

S!as {ey, eyydil[u = v]

Z(W})e 1 € Rescale the usual innerproduct on

Lemma 10. Let A be the second highest eigenvalue of M. Then X = | M|« = || M;||« where
the norm is the operator norm®

Proof. By construction, the largest eigenvalue of M’ is the second largest eigenvalue of M’.
Moreover, as M’ is symmetric, its operator norm and largest eigenvalue are equal. Thus,
A= [ M

(Moew, e = dip1 (ﬁ Z(u7w)eE<ew,ev>) = [((u,v) € E) = {ew, Miey). Therefore, these
are adjoint operators and thus their spectral norms are equal.

We have, ”M/UH = HMOUO + M11)1H = \/d()HMoU()”Q + d1||M1U1H2 Taking V1 = 0, we have
| M'v||« = || M|« and in the other direction,

Vdol[ Moo |2 + dul| My |2 < | Mollsv/dollvoll? + dullorl|* = [[ Mol [[v]l«

8.4.2 Reformulating M’

So, now we have our bipartite graph X (H, (X,Y)).

The 2 components are Vx = {gX |g € G} and Vy = {hY |h € G}. Moreover, hY = h'Y =
h'h~! € Y and thus for each h there are Y identical elements.Therefore, |Vx| = |G/X| = %

and similarly, |[Vy| = |G/Y| = %

Denote the analogous subspaces as above S, by S’%,S{,. We need to compute the norm of
matrix Mx : S% — S}. Let’s restate the vector spaces and what exactly we will be proving.

4This can also be identified with the dual and seen as the space of functions from V — C and that is
what the paper does. However, I find that unnecessarily cumbersome.
5 % is used to denote that it’s scaled and not the usual Euclidean norm
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Vieg ~ Cl9l = {Z%eg}v Vieg = {Z ageg | Zag :O}

geG geG
Sy =~ ClE/XI = Z agey p, Sy = Z azey | Eax=0
zeG/X zeG/X
Sy ~ Cle/YI = Z ayey ¢, Sy = Z ayey | Zay =0
yeG/Y yeG/Y
S =85y

To connect this to the e orthogonality we need to relate it to HPVPX Pvpy - PVPGH. The
above is a map on V,¢, and we need to relate it to the norm of M’. We show the following
observation,

Lemma 11. Sy =~ VpX and similarly, Sy =~ VpY

Proof. We'll show it just for X as it is symmetric. In one direction, if ¢’ = ¢ - 2y for some
29 € X, then Pﬁx(g’) =D ex ¥ T =Dex 9 To T =Dy g-t= Pf(g). In the other,
if PpX(g) = PpX(h), then Y, v g @ = >, cxh -2 which means that 3g = h - z. Thus, the
image of projection map which is VpX is in bijection with the space spanned the cosets G/X
which by definition is Sx ]

Lemma 12. The following maps are orthogonal projections,

1-PG pX
P ! P !
V;“eg V;"eg SX

I-P¢ pY
P / P /
‘/reg ‘/reg SY

Proof. In the matrix form PpG = %1 where 1 is the all ones matrix. Thus, for v = ] g Qg€

Zg ag

(I — PpG)(v) =2 (ag - W) eg- It’s easy to see that the image is V., and it surjects.

We have already shown that PpT is an orthogonal projection to the space of invariants of T’
for each T = G, X, Y. Thus, (I — P9)> = I —2PS + (PS)* = — PC.

Pl;X is clearly an orthogonal projection because we already know that PbX on V4 is and
here we remove a 1-d subspace from each such that the subspace removed from Sx is the
image of PpX O

Corollary 13. Composing the 2 maps above we get that the following map (say, ¢) is an
orthogonal projection.

X G
o PX(I - PY) 0
0 P,}”(I—PpG)
Sk @Sy =95

‘/;"eg @ V;"eg

Lemma 14. The map Mx = P)X|,, Moreover, |Mx|« = ||P;*

p

s SS(HZ = ||P[7X|Sg/”2
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Proof. From the explicit definition of M;, we have Mx : S% — S} such that Mx(gX) =
i ((gX,hY)eE) hY where dx is the degree of gX. From the uniformity property, we know
that, (¢X,hY) e F < 3¢, (gX,hY) = (¢ X,dY)€e E. But, X nY =e = h=¢ =
gr x € X Thus, the set of neighbours of gX can be written as {gzY | x € X}. Thus,

Mx(gX) = Z gr)Y
’ :EGX
( a:eX )
P

Now the spectral norm of the projection matrices are defined over the usual Euclidean norm
but we had defined a scaled norm for M;. Denote the usual norm by ||||2 and the scaled
norm by |[|[|«. We had that for Vx, ||g|l« = +/|G/X]|l|g]l2 Thus,

HMXH — max HMCF(U)H*

£ = - - /7

sy lvll«
MG/ 1M (v)]]2

T sk /1G/Xlolls

1Py ()] |
= max ———— because in our case | X| = |Y|
vesy  vll2
The second equality just follows from the fact that S% =~ S}, O

Theorem 15. X,Y are e-orthogonal iff |M'|« < ¢

Proof. From Theorem 9, we have e-orthogonality iff || P;¢ (PvY - PVG)H2 €. Since each is
an orthogonal projection, we have,

|PX(Pyy — Pys())]l2

HPp)((PVpY — PVPG)HQ = max

VEVreg |lv]l2
1Py (Pyy (I = Pys)(0)]l:
= max
0EVreg lv]l2
[Py x (Pyy ) (w)]l2
= max —= z Since the projection is orthogonal ||v]| = ||w]|
A T
1Pl o
= max ———— Since the projection is orthogonal ||z|| = ||w||
sy |2l
= ||PpX o ll2 = [[Mx|« By the previous lemma
Y
Thus, X,Y are e-orthogonal iff | M'[|. < e O

9 1-D links are e-orthogonal

This is a result from | | which proves the orthogonality on the way to prove Property(T)
for EL,(R). It proves a much general version of this among other things but the proof of
the case we need is fairly straightforward.
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Theorem 16. Given H = ELy,.1(F,[t]/{t*)) and X,Y defined as before, X,Y are ﬁ-
1

orthogonal i.e. for any irreducible unitary representation p, G(VPX, VpY) < NG
Proof. Consider an irreducible unitary representation (V,p). Since [X,Z] = [Y,Z] =1

the subgroup Z commutes with the entire group and thus p(z) commutes with every p(g).
Hence by Schur’s lemma, % p(z) = A\I

Let’s assume p is injective. This is not necessarily true and we will return to this later. If
VY = 0, then by symmetry so is VX and we trivially have the orthogonality. So assume
that’s not the case. Let 0 # u € VY. Let L = spanc(p(z)u | z € X). L is clearly X
and Z invariant i.e. Yv € L,g € X,Z, p(g)v € L. Now, p(y)(p(x)u) = p(xy|z,y])u =
o[z, y])p(zy)u = Ap(z)u € L. Thus, L is G invariant and since V' is irreducible, L = V.
To compute VX, we take the image of V' = L under the projection PI;X which gives us
VX = spanc(u;) where ux =Y _y p(x) - u. By symmetry V¥ is also one-dimensional and
we already have u € VY and thus VY = spanc(u).

Lemma 17. {(u, p(x)uy = 0 Vo € X\{1}. And thus, ||u| = +/|X]|||u]

Proof. Let e # y €Y. Now we have,

(u, p(@)u) = {p(y)u, p(y)p(x)u) Since p is unitary
= (u, p(y)p(x)u) Since ue V¥, p(y)u = u
= (u, A\p(z)u)y As computed above, A = p([z,y])

By our assumption of injectivity, A = 1 only for the identity, but for any non-trivial y,
[,y] # e. Thus, (u, p(x)u) = 0 and |luz||* = X cx p(@)u, Y cx p(2)u) = | X|{(uyuw) O

Since the representation is irreducible, VX n V¥ = V¢ = (0). Thus, in the definition of
angle, VX' = VX Thus,

O(VX,V¥) = min <a,b) = W, ) Since VX, VY are one-dimensional

acVY, beVX HCLHHbH [Jwllus
_ Z < <u,u> _ 1
Py il = VIXTlellel ~ VIX]

However, we had made the assumption that p is injective but if it is not we look at the image

From the above lemma

p(G), now, we can run the argument again for this group and the representation being the
1

lp(X)]

smallest subgroup. If we define the Heisenberg group with R = F[t]/t® then a subgroup of

mere inclusion into GL,, thus we have -orthogonality and we need to bound the

X would be a subgroup of R and the smallest one is of size ¢ which is just X with entries
from F,. Therefore, [p(X)| > ¢ and we have %-orthogonality. By the equivalence with
spectral gap, it’s second highest eigenvalue is also bounded above by it. O

5Given a G-representation (V,p), map ¢ : V — V is G-linear if, Vg € G, p(9)d(v) = ¢(p(g)(v)). Schur’s
lemma states that the only G-linear maps between V,V are of the form Al. If g commutes with every
element, then, p(g) clearly satisfies the G-linearity conditions and thus by the lemma is A\
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10 Wrapping it up

Let’s now prove the other 2 requirements and tie it all together to give us the final result.

10.1 Infinite Vertices

The [ X®)(0)| = X, |ELn1(R)/K;| = n|G|/|Ko| From the explicit description of K;, (
see Theorem 3) it’s easy to see that < |K;| = |T|™D* = 2% and EL,.1(R) =
IR|M=D/2 = |F [t]/t°) = ¢~ D2, Thus, | X (0)| = ngs(n=1D/2=20=1) which clearly
tends to infinity.

10.2 Bounded Degree

We saw above that |K;| = q2(”*1)2 is not a function of s and is a constant, say ). Now,
take an arbitrary vertex say, gK;. By the uniformity lemma, each o containing is of the
form o = (hKy, --- hK,) such that hK; = gK;. Thus, [{c € X®)(n) |veo}| = |h | hK; =
9Ki| = |Ki| < Q

10.3 Expansion

We have shown already Theorem 9 that all 1-d links expand with A < -=. We now quote

S

the result from [ ].

Theorem 18 ( | ). Given a pure n-dimensional strongly gallery connected simplicial
complex X such that pr < A\, V7 € X(n — 2), then p, < ﬁ Vre X(n—2—k). In
particular, X is a one-sided %—local spectral expander.

1

Thus, plugging in A = ek

we get that X is a one-sided local spectral expander.

1
Vq—n+1
10.4 Final Result

Theorem 19. Let n > 2 and let q be a prime power such that ¢ > (n — 1)2. For s € N,
let Fy[t]/t° to be the Fy algebra with the generating set {1,t}. Let X(s) be the simplicial
complex of the subgroup geometry system of ELy.1(F,[t]/t*) Then for every s > n, the
following holds for X (s)

1. X(s) is a pure n-dimensional, (n+1)-partite, strongly gallery connected clique complex
with no free faces.

2. X(s) is finite and the number of vertices of X (s) tends to infinity as s tends to infinity.

3. There is a constant Q = Q(q) such that for every s, each vertex of X (s) is contained
i exactly Q n-dimensional simplices.

4. X(s)is a -local spectral expander.

1
Vq—n+1
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